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Abstract. Bimetric gravity can reproduce the accelerated expansion of the Universe, without
a cosmological constant. However, the stability of these solutions to linear perturbations has
been questioned, suggesting exponential growth of structure in this approximation. We
present a simple model of structure formation, for which an analytic solution is derived. The
solution is well-behaved, showing that there is no physical instability with respect to these
perturbations. The model can yield a growth of structure exhibiting measurable differences
from ΛCDM.
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1 Introduction
Bimetric gravity (or bimetric relativity) is a theory of a massless and a massive spin-2 field,
encoded in two dynamical, interacting metrics [1–4]. It is a generalization of de Rham–
Gabadadze–Tolley (dRGT) massive gravity [5–7] which can be obtained in a certain limit
of the bimetric parameter space [8]. The dRGT theory is the nonlinear completion of the
Fierz–Pauli theory [9]. For recent reviews, see [10, 11].
Among the virtues of bimetric gravity is that the accelerated expansion of the Uni-
verse can be reproduced as a result of the interaction between the metrics; no cosmological
constant is needed, see for example [12–17]. Also, it may partially address the dark mat-
ter phenomenology as a modification of gravity [18] and provides a dark matter particle
candidate in form of a massive graviton [19–21].
Unfortunately, all viable background cosmologies with positive ratio of the two scale
factors exhibit either a Higuchi ghost or a gradient instability in standard linear cosmological
perturbation theory [22–34]. Under some circumstances, the gradient instability emerges
at early times when the Hubble parameter exceeds the Fierz–Pauli mass [35]. Setting this
mass sufficiently large, this instability can be pushed to an epoch where it has no observable
effect. The price to pay is that bimetric theory becomes effectively indistinguishable from
general relativity in this limit. It has also been suggested that general relativity may be
restored nonlinearly via the Vainshtein mechanism when linear perturbation theory breaks
down [36–38].
There are other ways to deal with this instability however. In linear perturbation theory,
the gauge symmetry (general covariance) translates into the freedom of choosing coordinates
of the background space-time and coordinates of the perturbed space-time separately (see,
e.g., [39]). In standard linear cosmological perturbation theory, as used to analyze bimetric
cosmology, particular choices of variables and gauge are made. The analysis of the Higuchi
ghost also relies on a particular gauge choice [25]. Hence, an instability may be an unphysical
artifact of a bad choice of variables or gauge. Indeed, as pointed out in Ref. [40], standard
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Figure 1. The relative difference of the density contrasts δ := (ρ− ρ¯)/ρ¯ in bimetric relativity (BR)
and general relativity (GR). The overdensities are homogeneous and set to δ = 10−5 at z = 1100,
approximately corresponding to the time of photon decoupling. Despite δ being small, note that
the results hold nonlinearly. In the shaded region there is an instability in standard cosmological
perturbation theory. Here, we have plotted a β1β2 model with parameters chosen according to Refs.
[51, 52] to allow for a valid background cosmology. Detailed results and numbers can be found in
section 2.1.
cosmological perturbation theory is not suited for analyzing the stability of solutions in
modified theories of gravity but requires new methods.
Hence, to draw a definite conclusion on the stability of bimetric cosmology, one must
study linear perturbation in a more general set up, for example along the lines of [40]. Alter-
natively, one should solve the full nonlinear equations of motion. For the latter alternative,
two routes appear: the first is to derive exact solutions. This will only be possible in spe-
cial cases. The second is to find numerical solutions. This is a challenging task and partial
results have been obtained in spherical symmetry [41–47]. There is so far no evidence of
exponentially growing modes in the numerical evolution of inhomogeneous space-times [45].
Here, we pursue the first option and present an analytic solution of structure formation in
bimetric gravity.
Summary of results. The main idea is simple: If one can construct perturbations of bi-
metric cosmology which solve the complete, nonlinear equations of motion and if these are
stable, the background is stable (with respect to these), despite any indications of the con-
trary at the linear level. In section 2.1, we derive the full analytical solution for a spherically
symmetric, homogeneous overdensity on a cosmological background. As in general relativity,
the bimetric Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) solution is recovered inside
the overdensity and the solution is unique. Hence, it evolves as a stable homogeneous and
isotropic independent universe. The linear cosmological perturbation theory results in insta-
bilities, either in form of a Higuchi ghost or a gradient instability [33]. Our result shows that
these are not physical and that bimetric cosmology is stable with respect to homogeneous
overdensities, see for example figure 1.
We show that bimetric structure formation can be expected to give corrections to GR
ranging from sub-percent level and upwards, see figures 2 and 4. This can be used to exclude
certain parameter regimes in the theory, for example with data from the Euclid satellite,
being launched in the near future [48–50].
In section 2.2, we study more general perturbations by considering an overdensity of ar-
bitrary radial shape (a bimetric Lemaˆıtre–Tolman–Bondi model) and bidiagonal metrics with
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homogeneous tt-components (lapses) in both metrics. We show that this set of assumptions
is too constrained to take us beyond a homogeneous overdensity.
To enable direct determination of the evolution of a homogeneous overdensity, without
the need of numerical calculations, we present a graphical method for evolving the scale
factors of the metrics. The method is akin to a particle moving in a potential in Newtonian
mechanics.
Notation. Tildes denote quantities constructed from the metric f , otherwise constructed
from the metric g. Partial derivatives with respect to t are denoted ∂t or with overdots.
Partial derivatives with respect to r are denoted ∂r or with primes. Overbars denote back-
ground cosmology quantities and subscript zero denotes quantities evaluated today. The
B-parameters are rescaled β-parameters, Bn := m
4κgβn/H
2
0 .
Bimetric gravity. The equations of motion are
Eµν := G
µ
ν − κgT µν = 0, T µν := Tµν + V µν , (1.1a)
E˜µν := G˜
µ
ν − κf T˜ µν = 0, T˜ µν := T˜µν + V˜ µν . (1.1b)
The Einstein tensors are denoted Gµν and G˜
µ
ν and the matter stress–energies T
µ
ν and T˜
µ
ν
in the g- and f -sector, respectively; κg and κf are constants. From now on, we set T˜
µ
ν = 0.
The bimetric stress–energies, V µν and V˜
µ
ν , are constructed to avoid the Boulware–Deser
ghost plaguing generic theories of massive gravity [53],
V µν := −m4
3∑
n=0
βn
n∑
k=0
(−1)n+kek(S)(Sn−k)µν , (1.2a)
V˜ µν := −m4
3∑
n=0
β4−n
n∑
k=0
(−1)n+kek(S−1)(S−n+k)µν , (1.2b)
with en(S) being the elementary symmetric polynomials of the principal square root S :=
(g−1f)1/2 [54], and βn dimensionless constants. The bimetric conservation law and conser-
vation of stress–energy read, respectively,
∇µV µν = 0, ∇µTµν = 0. (1.3)
The former equation follows from the assumption of matter stress–energy conservation.
2 Structure formation
2.1 Evolution of a homogeneous overdensity
In general relativity (GR), the Lemaˆıtre–Tolman–Bondi (LTB) model provides an analytic
solution of a spherically symmetric distribution of massive, pressureless, dust particles [55–
57]. One can, for example, start with a homogeneous overdensity on an FLRW background
as a simple model of cosmological structure formation. In the case where the background is
vacuum, one obtains the Oppenheimer–Snyder space-time [58]. In GR, this implies FLRW
inside the overdensity and Schwarzschild outside, due to Birkhoff’s theorem [59–61]. In
bimetric theory, there is no such statement since there are longitudinal gravitational wave
modes [45, 62].
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The LTB model in GR is an exact solution to the nonlinear Einstein equations and the
resulting evolution of an overdensity is regular. In bimetric theory, an analog model would
provide useful input into the stability of bimetric cosmology. The only such candidate in the
literature would be the Vaidya-like solution of collapsing, massless particles [63]. However, it
is not immediately applicable as a model of an overdensity of a perfect fluid. In the following
section, we derive and show the uniqueness of the evolution of a homogeneous overdensity
which we thereafter use as a simple model of structure formation.
We start with a general bidiagonal Ansatz for the metrics with the same spherical
symmetry in both sectors [64],
g = −dt2 +A2(t, r)dr2 +B2(t, r)r2dΩ2, dΩ2 := dθ2 + sin2 θdφ2 (2.1a)
f = −α˜2(t, r)dt2 + A˜2(t, r)dr2 + B˜2(t, r)r2dΩ2. (2.1b)
It follows trivially that the principal square root is
Sµν = diag(α˜, A˜/A, B˜/B, B˜/B), (2.2)
where we have assumed α˜, A,B, A˜, B˜ > 0 without loss of generality. We have chosen the
coordinates to be comoving with the dust particles, that is,
Tµν = diag(−ρ(t, r), 0, 0, 0). (2.3)
From the Etr equation it follows that
A(t, r) =
[rB(t, r)]′√
1− k(r) , (2.4)
where k(r) is a generic function of r (and < 1). Conservation of stress–energy now reads
∂t
[
ρB2 (rB)′
]
= 0. (2.5)
It follows that ρB2(rB)′ can be evaluated at any time, with the same result. With a general
ρ(t, r), it does not seem to be any straightforward way to proceed and obtain an analytic
solution. However, let us focus on the case of a homogeneous overdensity where ρ is constant
as a function of r within some radius r∗,
ρ(t, r) = ρ(t), r < r∗. (2.6)
Equation (2.5) implies,
ρ(t)B2(t, r) (rB(t, r))′ = ρ(t)B2(t, r) (rB(t, r))′
∣∣
t=0
= ρ(0), r < r∗, (2.7)
where the gauge freedom was used to set B(0, r) = 1. Integrating (2.7),
B3(t, r) =
ρ(0)
ρ(t)
+
b(t)
r3
, r < r∗, (2.8)
where b(t) is an arbitrary function of t. Regularity at r = 0 requires B to be either even or
odd as a function of r, hence b = 0 [65]. Thus, B(t, r) is a function of t only and we can
define the scale factor a as
a3(t) := ρ(0)/ρ(t) ⇒ B(t, r) = a(t), A(t, r) = a(t)√
1−Kr2 , K = 0,±1, r < r∗. (2.9)
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Figure 2. Finite branch β1β2 models. Left panel : The relative difference of the density contrasts δ
in bimetric relativity (BR) and general relativity (GR). This result should be compared with those of
standard cosmological perturbation theory exhibiting a gradient instability, see for example figure 3
of [29]. The overdensities have a stable evolution and the results hold nonlinearly. Right panel : The
relative difference of the background Hubble parameters in BR and GR.
Hence, the region r < r∗ is described by a bimetric FLRW model. In other words, a homo-
geneous overdensity on a homogeneous cosmological background behaves as a mini-universe,
like in GR. Note that this result is non-trivial since the (local) homogeneity of ρ does not
automatically imply homogeneity of g [64].
It is now straightforward to show that the background is stable with respect to such
perturbations: We start by defining the density contrast δ := (ρ − ρ¯)/ρ¯ which quantifies
the magnitude of the perturbation relative to the background. As can be seen in figures 2
and 4, the difference in δ between the bimetric and the corresponding GR perturbation of
a ΛCDM model stays bounded. The bimetric model must be stable since the GR model
is. Note that a corresponding homogeneous overdensity leads to an instability in standard
linear cosmological perturbation theory (either Higuchi or gradient). As examples of structure
formation in bimetric gravity, we look at two types of models with background cosmologies
which can be made compatible with observations—the finite branch β1β2 models and the
infinite branch β1β4 models.
In both cases, we start with an initial overdensity of size δ = 10−5 at redshift z =
a¯0/a¯ − 1 = 1100, approximately corresponding to the time of photon decoupling [66]. The
matter stress–energy is assumed to consist of pressureless dust. One of the Bn can be
expressed in terms of the other and the background matter density Ω¯M,0, as explained in
appendix A. The Hubble parameter today is set to H0 = 70 km/s/Mpc and, without loss of
generality, κf/κg = 1. The growth rate fg and growth index γ are defined as,
fg :=
d log δ
d log a¯
'
(
κgρ¯
3H¯2
)γ
, (2.10)
where γ is the best fit value of the right-hand side expression to the left-hand side.
GR reference. As a reference solution, we take a GR ΛCDM model with Ω¯M,0 = 0.30,
Ω¯Λ,0 = 0.70.
Finite branch β1β2 models. Here, the matter density today is set to Ω¯M,0 = 0.30. We
consider three cases: B1 = 1.0, B1 = 5.0, and B1 ' 13.1. The latter model corresponds
to a valid cosmology at the level of the background [51, 52]. For this model, δ deviates at
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Figure 3. Growth rate fg and fitted function Ω
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m. Finite branch β1β2 models and GR reference
(ΛCDM).
most ' 0.4 % from GR whereas for smaller B1 the deviation reaches above ' 20 %, as can
be seen in figure 2. Hence, bimetric structure formation can be expected to give sub-percent
corrections to GR for a β1β2 model consistent with background data. However, the B1 = 1.0
and B1 = 5.0 models are already excluded at level of background cosmology [51, 52]. In figure
2, we also plot the relative difference of the Hubble parameters of the background cosmologies
in bimetric and general relativity. The spikes are due to H¯BR − H¯GR crossing zero, as could
be understood from figure 7. The crossing is smooth; the apparent sharpness in the figure
is due to the log scale. The magnitude of the difference in background cosmologies (figure
2, right panel) follows the difference in structure formation (figure 2, left panel). In figure 3,
the bimetric growth rate is plotted in the range 0 < z < 10 together with the fitted function
Ωγm and the ΛCDM reference. The B1 = 13.1 model follows GR closely and has a good Ω
γ
m
fit, whereas the B1 = 1.0 model deviates significantly and the Ω
γ
m fit is poor.
Infinite branch β1β4 models. Here, theoretical and experimental observations require a
B1 in the range 0 < B1 < 0.529. The best fit model to supernovae observations is given
by Ω¯M,0 ' 0.16, which we adopt here [67]. The density contrast δ grows apart from GR to
reach a maximum around ' 40 % at late times, see figure 4. As opposed to the β1β2 models,
the difference in structure formation from GR (figure 4, left panel) is an order of magnitude
greater than the difference in background cosmologies (figure 4, right panel). Thus, struc-
ture formation data could be used to exclude these β1β4 models with consistent background
expansions. In figure 5, the bimetric growth rate and fitted Ωγm are plotted in the range
0 < z < 10 for different models, including GR (ΛCDM) as a reference. The fits follow fg
closely, but they all deviate significantly from the GR reference.
The calculated growth index in the range 0 < z < 1100 is shown in table 1. Since they are
stable, our results can be trusted, unlike the linear results which suffer from either Higuchi
or gradient instabilities. The curious γ value of the B1 = 1.0 model can be understood as
the fit Ωγm departs heavily from the growth rate fg, as seen in figure 3. The Euclid satellite
is expected to distinguish a γ which deviates more than ' 0.03 from the GR value [48–50].
Thus, it should be possible to distinguish between GR and the infinite branch β1β4 models
as well as some regions in the parameter space of finite branch β1β2 models.
It should be noted that the resulting value of γ depends somewhat on the choice of
initial conditions, see appendix B. Nevertheless, the relative differences between the GR and
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Figure 4. Results for infinite branch β1β4 models. The overdensities have a stable evolution and
the results hold nonlinearly whereas in linear perturbation theory, the corresponding model exhibits
a Higuchi ghost.
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bimetric values remain essentially the same.
Table 1. Growth index for different models.
Model: β1β2 β1β2 β1β2 β1β4 β1β4 β1β4 ΛCDM (GR)
B1 = 1.0 5.0 13.1 0.1 0.3 0.5 —
γ = 0.258 0.544 0.546 0.615 0.623 0.641 0.542
To enable a direct determination of the evolution of an overdensity, without the need of
numerical integration, we construct a graphical method of solving for the scale factors a(t) :=
B and a˜(t) := B˜, see appendix C.
Concluding the section:
Assuming bidiagonal and spherically symmetric metrics, the bimetric FLRW model is the
unique solution inside a homogeneous, pressureless dust cloud. Hence, there is no instabil-
ity of bimetric cosmology with respect to spherically symmetric, homogeneous overdensities,
despite the contrary in standard linear perturbation theory. The solution can be used as a
simple model of structure formation, predicting, for some parameter choices, deviations from
ΛCDM that will be detectable, using future data from the Euclid satellite.
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2.2 Generalization: Lemaˆıtre–Tolman–Bondi model
In section 2.1, we analyzed a restricted model, assuming a homogeneous matter overdensity.
A bimetric analog of the LTB model in GR would describe the evolution of arbitrary spherical
distributions of ρ. One such model was proposed in Ref. [17]. Here, we perform a detailed
analysis, showing that the assumption of an arbitrary radial dependence of ρ cannot be
maintained in this set up. In fact, homogeneity is required and bimetric FLRW recovered.
The Ansatz is,
g = −dt2 +A2(t, r)dr2 +B2(t, r)r2dΩ2, (2.11a)
f = −α˜2(t)dt2 + A˜2(t, r)dr2 + B˜2(t, r)r2dΩ2. (2.11b)
The assumption of a homogeneous lapse in the f -sector, α˜(t), calls for attention since it must
be ensured that this assumption is not violated.
As in the model of a homogeneous overdensity (section 2.1), the Etr equation implies
(2.4). Similarly, with a homogeneous lapse α˜(t), the E˜tr equations can be integrated to
A˜(t, r) =
[rB˜(t, r)]′√
1− k˜(r)
, (2.12)
with k˜(r) arbitrary (< 1). The r-component of the bimetric conservation law (1.3) reads(√
1− k −
√
1− k˜
)[
B(β1 + β2α˜) + B˜(β2 + β3α˜)
]
= 0. (2.13)
Setting the second parenthesis to zero implies, after some calculations,
k(r) = k˜(r), (2.14)
for a non-static solution. This is also the solution when setting the first parenthesis to zero.
Thus, k = k˜ is the unique solution of (2.13). The t-component of the bimetric conservation
law (1.3) gives
α˜ =
∂r
(
r3F ˙˜B
)
∂r
(
r3F B˙
) , F := β1B2 + 2β2BB˜ + β3B˜2. (2.15)
Integrating with respect to r,
α˜(t) =
˙˜
B(t, r)
B˙(t, r)
, (2.16)
where a free function of t is set to zero to ensure regularity. From (2.12), (2.14), and (2.16),
it follows that the bimetric equations of motion take the following form (for details, see
appendix D), (
B˙
B
)2
+
k
r2B2
− κg M
r3B3
−m4κg
(
β0
3
+ β1y + β2y
2 +
β3
3
y3
)
= 0,
(2.17a)
m4
[
−β3
3
y3 +
(
β4
3
κ− β2
)
y2 + (β3κ− β1) y +
(
β2κ− β0
3
)
+
β1
3
κy−1
]
− M
r3B3
= 0,
(2.17b)
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in addition to equations (2.5) and (2.16). Here, κ := κf/κg. Note the similarity between
(2.17) and the bimetric FLRW equations (A.5). The difference is that here, the fields still
depend on both t and r.
Recalling y := B˜/B, it follows that
α˜ =
∂B˜/∂t
∂B/∂t
=
∂B˜
∂B
=
∂(yB)
∂B
= y +B
∂y
∂B
. (2.18)
Solving (2.17b) for y, plugging the solution into the right-hand side of (2.18), differentiating
both sides with respect to r and setting the result to zero (remember α˜′ = 0), we obtain a
differential equation for B which can be solved with the result,
B(t, r) = a(t)b(r), (2.19)
for some functions a and b. From this, the bimetric FLRW Ansatz is finally recovered (after
a few steps, given in appendix D),
g = −dt2 + a(t)2
(
dr2
1−Kr2 + r
2dΩ2
)
, K = 0,±1, (2.20a)
f = −α˜2(t)dt2 + a˜(t)2
(
dr2
1−Kr2 + r
2dΩ2
)
, α˜(t) =
˙˜a(t)
a˙(t)
. (2.20b)
We summarize:
Starting from a bidiagonal Ansatz with the same spherical symmetry in both sectors, a homo-
geneous lapse in f (2.11), and pressureless dust stress–energy, the model necessarily reduces
to bimetric FLRW with a homogeneous ρ.
To obtain a bimetric LTB model where the density profile can be freely specified at some
initial point in time, one must go beyond the Ansatz (2.11). For example, to allow for a
radial dependence in the f lapse α˜ or to add off-diagonal (dtdr) terms to the f metric. In
that case, the only available method of solving is by numerical methods.
As a final note, to obtain a global solution, the inside space-time should be matched
to an outside solution. Assuming, na¨ıvely, that the junction conditions in GR are simply
doubled in bimetric theory, one requires the induced metrics and extrinsic curvatures to be
continuous over the boundary surface. Implementing these constraints, one can show that
the area radii of the two metrics (rB and rB˜) must not be proportional on the boundary
surface. This rules out all the static, spherically symmetric, vacuum space-times as outside
solutions. Hence, an inside FLRW solution cannot be matched with a static, spherically
symmetric, vacuum space-time outside. This can be seen as a manifestation of the violation
of Birkhoff’s theorem in bimetric gravity; the outside vacuum solution must be nonstatic. The
nonstatic vacuum solution of [62] is ruled out as an outside space-time due to a pathological
FLRW solution for the choice of parameters therein, corresponding to the partially massless
parameters with only β0,2,4 nonzero.
3 Summary and outlook
In section 2.1, we derived the analytical solution for a spherically symmetric, homoge-
neous overdensity. The solution is unique and describes a bimetric Friedmann–Lemaˆıtre–
Robertson–Walker mini-universe inside the overdensity. As examples we considered over-
densities on finite branch β1β2 and infinite branch β1β4 cosmologies, including a valid β1β2
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model for the background cosmology. The deviations in structure formation from general
relativity ranges from sub-percent level for the valid background β1β2 model to ' 40 %, see
figures 2 and 4.
In section 2.2, we showed that it is necessary to allow for a radial dependence in the f
lapse (tt-component) or to add off-diagonal terms to the f metric if one wants to solve the
full nonlinear equations of motion for a spherically symmetric overdensity with an arbitrary
radial profile. Unfortunately, there is no simple bimetric analog of the Lemaˆıtre–Tolman–
Bondi solutions in general relativity. This displays the importance of numerical bimetric
relativity.
The analytical solution of section 2.1 shows that bimetric cosmology is stable with
respect to such perturbations despite leading to instabilities in standard linear cosmological
perturbation theory. The result suggests that perturbations around the bimetric cosmologies
should be revisited in a more general context where the gauge (coordinates) is not restricted
to a particular choice. It may be possible to show that the instabilities are mere gauge
effects. This is a future project. Meanwhile, there is no conclusive reason to think that
bimetric cosmology is unstable with respect to perturbations of homogeneous and isotropic
backgrounds.
A Bimetric cosmology
Assuming the same homogeneity and isotropy in both sectors, the metrics read,
g = −dt2 + a2(t)
(
dr2
1−Kr2 + r
2dΩ2
)
, K = 0,±1, (A.1a)
f = −α˜2(t)dt2 + a˜2(t)
(
dr2
1−Kr2 + r
2dΩ2
)
, (A.1b)
in comoving coordinates. For pressureless dust, conservation of stress–energy Tµν = diag(−ρ(t), 0, 0, 0)
leads to
ρ(t) = ρ0 [a0/a(t)]
3 . (A.2)
With the Ansatz (A.1), the bimetric conservation law (1.3) is,[
β1 + 2β2y + β3y
2
] (
˙˜a− a˙α˜
)
= 0, (A.3)
and thus have two branches of solutions. Setting the first parenthesis to zero yields the al-
gebraic branch where y is expressed in terms of the constant β-parameters. This branch is
usually discarded due to possibly problematic perturbations [11]. Setting the second paren-
thesis to zero defines the dynamical branch in which
α˜ = ˙˜a/a˙. (A.4)
Using (A.2) and (A.4), the equations of motion are,
H2
H20
− ΩM(a)− ΩDE(a)− ΩK(a) = 0, (A.5a)
−κB1
3
y−1 +
(
B0
3
− κB2
)
+ (B1 − κB3) y +
(
B2 − κB4
3
)
y2 +
B3
3
y3 + ΩM(a) = 0, (A.5b)
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with,
H :=
a˙
a
, ΩM(a) :=
κg
3H20
ρ, ΩDE(a) :=
B0
3
+B1y +B2y
2 +
B3
3
y3,
ΩK(a) :=
−K
H20a
2
, y :=
a˜
a
, Bn :=
m4κg
H20
βn. (A.6)
The energy densities depend on the scale factor and ΩM is measured in terms of the critical
density today. Equation (A.5b) is a quartic polynomial in y and can thus in principle be solved
analytically in terms of ΩM and the β-parameters. Doing so, there may be several branches
of real solutions. The cosmological models can be classified according to the behavior of y
at early times. If y  1 when ΩM  1, they are referred to as infinite branch solutions. If
y  1 when ΩM  1, they are referred to as finite branch solutions.
Applying standard linear cosmological perturbation theory on a β1β2 model, assuming
pressureless dust in the matter stress–energy, there appears a gradient instability for sub-
horizon scalar modes at times earlier than the point in time at which,
18B2
(
B21 + 4κB
2
2
)
y5 + 9B1
(
B21 + 10κB
2
2
)
y4 + 48κB21B2y
3+
+6κB2
(
2B21 − κB22
)
y2 − 6κ2B21B2y − κ2B31 = 0, (A.7)
see for example [35].
In this paper we analyze structure formation for two-parameter models. That is, with
precisely two nonzero β-parameters. For example, with only β1 and β2 nonzero. A two-
parameter model effectively gives room to adjust one of them freely. The other one is deter-
mined as follows. Evaluating the modified Friedmann equation (A.5a) today, with K = 0,
ΩM,0 + ΩDE,0 = 1. (A.8)
From the definition of ΩDE (A.6), one can solve for y in terms of ΩDE. This solution can be
plugged into the quartic polynomial for y (A.5b), yielding an equation in ΩM, ΩDE and the
β-parameters. Evaluating today and using (A.8) gives an equation for one β in terms of the
other and ΩM,0. Imposing a value of ΩM,0 gives a relation between the two β. For the β1β2
model,
B2 =
−B21 + 9(1− ΩM,0)−
√
B41 + 9B
2
1(1− ΩM,0)
9(1− ΩM,0) , (A.9)
and for the β1β4 model,
B4 =
3(1− ΩM,0)B21 −B41
(1− ΩM,0)3 . (A.10)
B Structure formation
In this paper, we have been concerned with a solution of the full nonlinear bimetric equations
of motion. To enable comparison with the results of linear perturbation theory, we define
the density contrast,
δ := (ρ− ρ¯)/ρ¯, (B.1)
between the background matter density ρ¯ and the overdense region with density ρ. At redshift
z = zi = 1100 (subscript i standing for “initial”), we set
δi = 10
−5, ai = a¯i,
d log δ
d log a¯
∣∣∣∣
i
= 1. (B.2)
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Figure 6. Density contrast as a function of the normalized scale factor for a valid β1β2 model.
The equation of motion for the background scale factor is (A.5a) with K = 0 whereas for
the overdense region K = 1. The density contrast grows linearly with the scale factor during
matter domination. An example is plotted in figure 6 for a valid β1β2 model with B1 ' 13.1,
Ω¯M,0 = 0.30, and H0 = 70 km/s/Mpc. Starting with δ = 10
−5 at z = 1100, it grows to
δ ' 8.5× 10−3 at z = 0.
The growth rate,
fg :=
d log δ
d log a¯
, (B.3)
is a commonly used parameter, quantifying the difference in structure growth between GR
and modified theories of gravity [68–71]. An approximation of fg is,
fg = Ω
γ
m, Ωm :=
κgρ¯
3H¯2
= Ω¯M,0
(
H0
H¯
)2
(1 + z)3 , (B.4)
where the growth index γ is the best fit parameter of the right-hand side to the left-hand
side of (B.4).
C Graphical solution of bimetric cosmology
Here, we present a graphical method to determine the evolution of bimetric cosmologies.
With the inside of a homogeneous overdensity reducing to such a solution, the method applies
equally well to the evolution of such perturbations.
Assuming that the metrics are homogeneous and isotropic in the same coordinates, the
general Ansatz is (A.1). The Friedmann-like equation (A.5a) takes the form of an energy
conservation law where a is thought of as the coordinate of a particle moving in a potential
V ,
T (a˙) + V (a) = E, (C.1)
with the kinetic and potential energy defined by, respectively,
T (a˙) =
a˙2
H20
, V (a) = −a2 [ΩM(a) + ΩDE(a)] , E = − K
H20
. (C.2)
An equation of the form (C.1) can be solved graphically by imagining a particle sliding
along the profile of the potential. To complete the method, ΩM and ΩDE (hence y) must be
expressed as functions of a. From conservation of stress–energy and the equation of state
P = wρ, one derives,
ΩM = ΩM,0 (a/a0)
−3(1+w) . (C.3)
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Figure 7. Potential profiles for two bimetric models and the flat (K = 0) ΛCDM reference.
Equation (A.5b), can be solved for y as a function of a which can be reinserted in (A.6). It
is important to require that y is real, possibly discarding some solution branches. Having
expressed ΩM and ΩDE as functions of a, one can plot the potential V (a) as a function of
a and the evolution of a can be read off graphically as a particle sliding along the potential
profile, see figure 7.
If desired, one can impose constraints on the allowed regions of motion of a in the
potential. Requiring a principal square-root amounts to y > 0. To avoid the Higuchi ghost,
the requirement is that [25, 33]
F := 3B3y
4 + 2 (3B2 −B4) y3 + 3 (B1 −B3) y2 +B1 ≥ 0. (C.4)
Since y is known as a function of a, F can be expressed as a function of a, possibly restricting
the allowed values of a.
Note that
α˜ = ˙˜a/a˙ = y + a ∂y/∂a. (C.5)
The right-hand side can be straightforwardly computed since y is known as a function of a.
Thus, from (C.5) it follows that if the evolution of a (i.e., a˙) is known, then the evolution of a˜
(i.e., ˙˜a) can be computed immediately. For example, if a˙ > 0 and y + a ∂y/∂a > 0, then a˜ is
expanding, ˙˜a > 0. Note that α˜ may hit zero at some a, at which point detS = 0. To exclude
such solutions one can simply discard those solutions branches, or ensure appropriate initial
conditions and K, or push this point sufficiently far away into the future. Summarizing the
method:
(1) Determine ΩM as a function of a by solving the stress–energy conservation equation.
(2) Determine y as a function of a by solving the quartic polynomial (A.5b), selecting only
the real solutions.
(3) Reinsert the solution of y in ΩDE (A.6).
(4) Require a principal square root, that is, y > 0. This may involve selecting different
branches, depending on the value of the β-parameters.
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(5) Plot F as a function of a (C.4). Requiring F (a) ≥ 0 adds a new restriction.
(6) Plot the potential energy V (a) as a function of a. This gives an exact graphical solution
of the evolution of a, given some initial condition.
(7) Plot α˜ as a function of a (C.5). This determines the evolution of a˜, given the evolution of
a. If α˜ hits zero at some a, the solution should be prevented from getting there. For example,
pushing it into the future, or ensuring appropriate initial conditions and K, or ruling out the
branch.
For details on a similar method, see [72, 73].
D Detailed calculations
Here, we supplement the missing steps in section 2.2.
Steps (2.16)-(2.17). With (2.16), the Ett equation with pressureless dust stress–energy
(2.3) can be written
U ′ = κgρr2B2(rB)′ +m4κgβ1
(
r3B2B˜
)′
, U := r3B
(
B˙2 + k/r2
)
. (D.1)
For simplicity, only the bimetric β1-terms are written out. The full result is shown in (D.6).
Integrating,
U = κgM +m
4κgβ1r
3B2B˜ + b1(t), M :=
∫ r
0
drρr2B2(rB)′, (D.2)
with b1(t) a generic function of t. Due to conservation of stress–energy (2.5),
M˙ = 0 ⇒ M = M(r). (D.3)
Using (2.16), the Err equation is
U˙ = m4κgβ1r
3∂t(B
2B˜), (D.4)
and integrating,
U = m4κgβ1r
3B2B˜ + κgb2(r). (D.5)
Combining (D.2) and (D.5), b1 = 0 and b2 = M , and reinserting all the β-parameters,
H2 +
k
r2B2
= κg
M
r3B3
+m4κg
(
β0
3
+ β1y + β2y
2 +
β3
3
y3
)
, H :=
B˙
B
, y :=
B˜
B
. (D.6)
Note the similarity between (D.6) and the Friedmann equation of FLRW cosmology. Defining
U˜ := r3B˜
(
B˙2 + k/r2
)
, (D.7)
we repeat the steps (D.1)-(D.6) in the f -sector and obtain
H2 +
k
r2B2
= m4κf
(
β1
3
y−1 + β2 + β3y +
β4
3
y2
)
. (D.8)
Subtracting (D.6) from (D.8) yields a quartic polynomial equation in y,
m4
[
−β3
3
y3 +
(
β4
3
κ− β2
)
y2 + (β3κ− β1) y +
(
β2κ− β0
3
)
+
β1
3
κy−1
]
=
M
r3B3
, (D.9)
with the definition κ := κf/κg.
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Steps (2.19)-(2.20). Plugging (2.19) into (2.18) gives
B˜(t, r) = a˜(t)b(r) + c(r). (D.10)
Writing out the metrics,
g = −dt2 + a
2 (rb)′ 2
1− k dr
2 + a2b2r2dΩ2, (D.11a)
f = −
˙˜a
2
a˙2
dt2 +
[r(a˜b+ c)]′ 2
1− k dr
2 + (a˜b+ c)2 r2dΩ2. (D.11b)
Transforming coordinates r → rb(r),
g = −dt2 + a(t)2
(
dr2
1− k(r) + r
2dΩ2
)
, (D.12a)
f = −
˙˜a
2
(t)
a˙2(t)
dt2 +
[a˜(t) + c(r)′]2
1− k(r) dr
2 +
[
a˜(t) +
c(r)
r
]2
r2dΩ2. (D.12b)
Calculating ∂rE
r
r and setting to zero gives a first-order differential equation in r. Solving
for k(r) yields a time-dependent expression containing a(t) and a˜(t). Only if c(r) = 0, the
t-dependence goes away and
k(r) = Kr2, c(r) = 0, (D.13)
with constant K. Rescaling r, the bimetric FLRW Ansatz is finally recovered,
g = −dt2 + a(t)2
(
dr2
1−Kr2 + r
2dΩ2
)
, K = 0,±1, (D.14a)
f = −α˜2(t)dt2 + a˜(t)2
(
dr2
1−Kr2 + r
2dΩ2
)
, α˜(t) =
˙˜a(t)
a˙(t)
. (D.14b)
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